We discuss an example of a subvacuum effect, where a quantum expectation value is below the vacuum level. The example is the mean squared electric field in a non-classical state where one mode is excited. We give some specific examples of such states, and discuss the lower bound on the squared field or its time average. We show when a lower bound can be obtained by diagonalization of the squared electric field operator, and calculate this bound. We also discuss the case when the operator cannot be diagonalized. In this case, a lower bound still exists but is attained only by the limit of a sequence of quantum states. Our results may be useful for attempts to experimentally measure the subvacuum effect. * Electronic address: akorolov@umd.edu † Electronic address: ford@cosmos.phy.tufts.edu 1 arXiv:1805.07863v1 [quant-ph]
I. INTRODUCTION
It is well known that quantities such as the energy density or squared fields, which are positive in classical physics, can acquire negative expectation values in quantum field theory.
It was proven by Epstein et al [1] that this is a general feature of all quantum field theories.
Reviews of negative energy density and its effects are given in Refs. [2, 3] . Examples include the electromagnetic energy density in the Casimir effect, or in nonclassical quantum states. Effects such as negative energy density can arise because we are dealing with a renormalized expectation value, from which formally infinite quantity has been subtracted. In boundaryfree flat spacetime, this means normal ordering of the relevant operator. The expectation value of the normal-ordered operator vanishes in the vacuum state, and is positive in states describing classical excitations. Thus when the mean energy density or squared electric field become negative, it is below the vacuum level, and we refer to this as a subvacuum effect. There has been considerable interest in recent years in the phenomenon of negative energy density, or violation of the weak energy condition, because of its potential gravitational effects. However, the magnitude and duration of negative energy density and other subvacuum effects is constrained by quantum inequalities [4] [5] [6] [7] [8] [9] [10] [11] . For massless fields in four dimensional spacetime, these are inequalities of the form
Here ρ(t) is the expectation value of the energy density or other classically positive operator in an arbitrary quantum state at a given spatial point, C is a positive constant, and g(t) is a sampling function in time with characteristic width τ . We normalize the sampling function by
In theh = c = 1 units, which we adopt in this paper, C is dimensionless, and typically smaller than unity.
The quantum inequalities severely constrain large subvacuum effects, but this does not mean that such effects are unobservable. Several proposals have been made for systems where these effects might be large enough to observe. These include transient increases in the magnetization of a spin system [12] , increases in the lifetimes of excited atoms in a cavity [13] , and increases in the speeds of pulses in a nonlinear material [14] . The latter two effects involve negative mean squared electric field, which will be of special interest in the present paper. The role of the squared electric field operator in a nonlinear material as an analog for the effects of negative energy density and its fluctuations in gravity theory was discussed in Refs. [15, 16] .
With the exception of the two-spacetime dimensional inequality of Ref. [8] . the quantum inequalities are not known to be optimal, that is, it is not known whether the lower bound is actually attained by any quantum state. The optimal lower bound in Eq. (1) would be the lowest eigenvalue of the averaged operator. Thus finding this lowest eigenvalue would be one way to compute optimal bounds. A method for diagonalizing quadratic operators was given by Colpa [17] . A numerical implementation was developed by Dawson [18] , and was recently used in Ref. [19] in a study of the probability distribution for stress tensor fluctuations. An alternative method for estimating the optimum lower bound from the moments of the operator was discussed in Ref. [20] . In the present paper, which is based in part on Ref.
[21], we will be concerned with the case of the squared electric field when one mode is excited. This is the case which most relevant to the experiments proposed in Refs. [13, 14] , and one where the diagonalization may be performed in closed form.
In Sect. II, we give some explicit examples of quantum states leading to a subvacuum effect, a negative mean squared electric field. The squared electric field operator for a single mode is diagonalized in Sect III, and the state which minimizes the expectation value of this operator is discussed. A related discussion of this diagonalization was recently given in Ref. [19] . Our results are discussed in Sect IV. Throughout this paper we use LorentzHeaviside units withh = c = 1.
II. SUBVACUUM EFFECTS
In this section, we will illustrate the concept of a subvacuum effect with some explicit examples. Here we consider the case of the squared electric field for a single mode. The electric field operator in this case may be written as
where a and a † are the annihilation and creation operators for a mode with spatial mode function f (x) and angular frequency ω. This could be a standing mode in a resonant cavity, for example. The normal-ordered squared field is :
In some situations, we may be more interested in a time or space average of :
over a finite region. This is a better model of the response of a physical detector which requires a finite time to perform a measurement. Here we consider only a time average, which may be described by a sampling function g(t), which we take to be real, even, and normalized by Eq. (2). The time average of the squared electric field at a fixed spatial point
is the Fourier transform of g(t), and is itself real and even. We can write T as
where
and
The local energy density operator or that for the time-averaged energy density may also be written in the form of Eq. (7).
Now we wish to illustrate how subvacuum effects for the squared electric field or the energy density can arise in certain quantum states. One simple example is a superposition of the vacuum and a two-particle state
where we may take to be real. The expectation value of T in this state becomes
which will be negative if is chosen to have the opposite sign as B + B * and | | < √ 2|B + B * |/(4A). In this example, the subvacuum effect of negative squared electric field or energy density arises as a quantum interference effect between states of different particle number. Another class of quantum states which lead to subvacuum effects are the squeezed vacuum states, discussed for example, by Caves [22] . These are a one complex parameter family of
where the squeeze operator is defined by
These states may arise from quantum particle creation effects, We can see from these definitions that the squeezed vacuum state, |ζ , is a superposition of all possible even number particle eigenstates. It may be shown that
where ζ = r e iδ . From this relation, it follows that
If we take the expectation value of Eq. (7) in this state, the result may be written as
Consider the case where T is the squared electric field given in Eq. (4), and assume that δ = 0 and that the mode function f is real. then we have
so :
Note that : E 2 (x, t) : is a periodic function of time at a fixed spatial point. Because cosh r > sinh r, it will be negative near t = 0. However, its time average over a sufficiently long time will be positive.
III. DIAGONALIZATION
Consider an operator of the form of Eq, (7), where a and a † are the annihilation and creation operators for a single mode of any bosonic quantum field, A > 0 is a real constant, and B is a complex constant. We wish to find a Bogolubov transformation of the form 
If we substitute Eq. (20) into Eq. (7), the result may be expressed as
We now wish to impose the diagonalization condition, However, because A > 0 and |α| > |β|, this condition may only be satisfied if e i(γ+η+δ) = −1, which is fulfilled if
We take a solution of this condition where η = 0, so α is real and positive, and where
Now Eq. (21) becomes
We can now write Eq. (24) as an equation for |β| 2 , as
which has the solution
leading to
Note that this solution is meaningful only if
which is the condition that T be diagonalizable.
If we substitute Eqs, (29) and (30) into Eq. (7), and note that Bβ = B * β * = −|B||β|, we find the diagonal form of T ,
Here
Note that Eq. (32) has the form of a quantum harmonic oscillator Hamiltonian with frequency Ω, and zero point energy λ 0 . However, T has the physical interpretation of a local operator, such as energy density, or the time average over a finite interval of such an operator. Note that in the limit B → 0, we obtain Ω → A and λ 0 → 0, which is consistent with Eq. (7).
The eigenstates of T are the number eigenstates |n b in the b-basis,
with eigenvalues λ n = n Ω + λ 0 for n = 0, 1, 2, . . .. We are especially interested in the lowest eigenvalue, λ 0 , which is associated with the b-vacuum state, |0 b . First, we note that this eigenvalue is always negative if B = 0,
As the lowest eigenvalue of T , it represents the maximal subvacuum effect when a single mode is excited. Furthermore,
with the lower bound on λ 0 being approached arbitrarily closely in the limit A → 2|B|. Equation (37) is the quantum inequality bound on the expectation value of T in any quantum state, and hence on the magnitude of any subvacuum effect for the observable associated with this operator.
The associated state may be represented in the a-Fock space as
The inverse transformation to Eq. (20) is
If we act on Eq. (38) with this relation, the result is
which may be written as
This leads to a recurrence relation for the c n ,
Note that each c n depends only on c n−2 , so the c n for even n and those for odd n are independent of one another. We require that |0 b → |0 a as B → 0, and hence β → 0. This will be achieved if c 1 = 0, so c n = 0 for odd n. The recurrence relation may now be solved to obtain
for n ≥ 1. The normalization condition for the state is ∞ n=0 |c 2n | 2 = 1. This may be combined with the identity
to write the lowest eigenstate of T as
This is a squeezed vacuum state in the a-Fock space. The mean number of particles in this state is
which in our case becomes
Note that n 0 → ∞ as |B| → 1 2 A, the limit in which T ceases to be diagonalizable. However, unless 2|B|/A is very close to one, n 0 is of order one. For example, 2|B|/A = 0.98 leads to n 0 ≈ 2.0. Thus, in many cases, a vacuum plus two particle state, Eq. (10), is a fair approximation to the lowest eigenstate, |0 b , of T .
It is instructive to return to the expectation value of the local squared electric field in a general squeezed vacuum state, Eq. (19). Note, from Eq. (18), that A = 2|B| in this case, so the operator is not diagonalizable. The maximally negative expectation value occurs at t = 0, where
We see that this value approaches a lower bound of −|f (x)| 2 , but only in the limit that r → ∞, corresponding to an infinite mean number of particles. For the operator to be diagonalizable, there would have to exist a state corresponding to the lowest eigenvalue and hence lowest expectation value. In this case, the lowest expectation value is only approached as the limit of an infinite sequence of states. However, it is only the squared electric field at one time which fails to be diagonalizable. Any time averaging, as in Eq. (5), will result in a diagonalizable operator. We may see this from Eqs. (8) and (9) and from
Thus the time-averaged squared electric field has a well-defined lowest eigenstate, which represents the maximal subvacuum effect. The mean number of photons in this state is given by Eqns. (8), (9) and (47) to be
Consider the explicit case of a Lorenztian sampling function of width τ ,
for whichĝ
In this case, the mean number of particles in the lowest eigenstate is
where T = 2π/ω is the period of the excited mode. This number is very small unless τ T , as is illustrated in Fig. 1 .
Another class of sampling functions of interest are functions with a finite temporal duration, that is, functions of compact support. These are more realistic descriptions of a measurement than functions such as Lorentzians or Gaussians, which have infinite tails into the past. In field theory with an infinite number of degrees of freedom, the probability of large stress tensor fluctuations is greatly enhanced when the sampling functions have finite duration [23] . An example of such a function is defined by
and g F (t) = 0 if |t| ≥ 1 2 τ , where K ≈ 4.50457. This non-analytic, but infinitely differentiable function has duration τ and is plotted in Fig. 2 . The Fourier transform,ĝ F (2ω), may be computed numerically and used to find n 0 for this case, which is plotted in Fig. 3 . Note that the mean number of photons in the lowest eigenstate is significantly larger for the case of g F (t), as compared to g L (t), but is still of order one unless τ T . This is the state which maximizes the subvacuum effect in this case, and we see that unless τ is very small, this mean number is relatively small.
IV. SUMMARY
We have treated negative expectation values of the mean squared electric field operator as an example of a subvacuum effect which might be observable in an experiment. We consider quantum states in which a single mode of the field is excited, and gave some examples of states leading to negative expectation values. We then diagonalized the time averaged squared electric field operator, and constructed its lowest eigenstate, which is a squeezed vacuum state, and the corresponding eigenvalue. This state gives the maximal subvacuum effect for this operator. The time average is essential for the operator to be diagonalizable.
The square of the electric field at one spacetime point cannot be diagonalized because its lowest expectation value is not achieved by a single quantum state, but rather is approached asymptotically by a sequence of states. We also calculated the mean number of photons in the lowest eigenstate of a time-averaged operator, and found that it is of order one if the 
